The energies and physical properties of three electron systems are studied using an Explicitly Correlated Gaussian basis optimized by the Stochastic Variational Method. The stability of the system as a function of the nuclear charge is analyzed. The role of the Coulomb and magnetic interactions in shaping the structure of these systems is discussed. The accuracy of the energies are substantially improved for high magnetic fields.
I. INTRODUCTION
The competition between the Coulomb (electron-electron repulsion, and electron-nuclear attraction) and the magnetic field for different interaction strengths makes the atoms in magnetic field a perfect laboratory to test and develop computational approaches [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . In this paper we study the energy levels, wave functions and structures of three-electron systems as a function of strength of the magnetic and the Coulomb interactions using an accurate variational description.
The study of the effect of magnetic fields on energy levels and wave functions is strongly motivated by the discovery of stars with strong magnetic fields [13] [14] [15] . These magnetic field strengths range from the weaker fields of white dwarfs [16, 17] (≈ 10 7 G) through neutron stars [18] (≈ 10 12 G) all the way up to fields of 10 14 -10 15 G observed in magnetars [19] . Under normal laboratory conditions the highest achievable magnetic field is around 10 5 G, but in condensed matter systems the low effective mass and high dielectric constant can lead to magnetic fields [20] that are, in effect, much stronger than that.
Many different approaches [21] [22] [23] [24] [25] [26] [27] [28] [29] have been used to study the effects of strong magnetic fields on small atoms and ions, such as H, H − , He, Li, Be. The most popular approaches include the Hartree-Fock method [1, [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] , variational calculations with Gaussian [2, 3] , Hylleraas [4, 5] , or Lagrange basis functions [6] , Quantum Monte Carlo (QMC) [7, 8] , finite element calculations [9] , or pseudospectral Hartree-Fock [10] . Analytical calculations have also been proven to be valuable tools. It has been analytically predicted, for example, that under very strong magnetic fields neutral atoms can bind with an additional electron [11, 12] . In particular, it was claimed that Helium, despite being a noble gas, was capable of forming a stable negative ion under such conditions. Recent works based on computational methods have verified this prediction of the He − ion [5, 41] . While many papers in the literature deal with two electron atoms, [2] [3] [4] [6] [7] [8] [9] accurate calculations for three or more electrons are rare. Computational studies of Li, as well as He − and Be + ions are mostly done by using methods based on some simplifying approximations [5, 35, 36, [42] [43] [44] [45] [46] [47] , for example by using the Hartree-Fock method [1, [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] or methods that restrict the core electrons [48, 49] . For three-electron atoms the configuration interaction method with anisotropic Gaussian basis functions [1] and Hylleraas basis functions [4] seem to give accurate results.
The effect of magnetic field on the energy levels of molecules has also been extensively studied [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] . High magnetic fields drastically change the binding energies, bond lengths [59] , and can lead to new bonding mechanisms [53] . Calculations for molecules very difficult, because the separation of center of mass motion [60] is not trivial and the description of nuclear and electronic structure is complicated. Recent works [50, 51, 54] using current density functional theory [61] established a non-perturbative framework to calculate the molecular properties in magnetic fields. Approaches based on explicitly correlated wave functions [4, 6, 41] are likely to be restricted to smaller atoms, with the only exception being the QMC method [7, 8, 62] . Beyond few-electron systems, besides the QMC method [7, 8] , the Hartree-Fock [1, [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] and the density functional theory (DFT) approach [63, 64] seem to be applicable. The DFT approaches are particularly important because they can help the development of better exchange correlational functionals. A recent thorough review of different approaches can by found in Ref. [65] .
In this work we extend out previous accurate variational calculations [41] to study the three-electron isoelectronic sequence, with Z = {1, 2, 3, 4}, in a strong uniform magnetic field. Besides calculating the energy levels, we also analyze the change of the wave functions and make comparisons between the different systems. All this is done within the non-relativistic framework, neglecting any QED effects and assuming an infinitely massive nucleus, as it is commonly done in the literature. The calculations employ a deformed Explicitly Correlated Gaussian (ECG) and the nonlinear parameters are optimized with the stochastic variational method. Variational calculations using Explicitly Correlated Gaussians proved to be extremely accurate in predicting binding energies and other properties in few-particle systems including the stability domains [2, 66, 67] . The main advantage of the ECG basis is that the matrix elements are analytically available and by increasing the number of basis states the accuracy can be enhanced. In our previous paper [41] we have shown that the deformed variant of this basis is flexible enough to give accurate results for high magnetic fields.
II. FORMALISM A. Hamiltonian and basis functions
The nonrelativistic Hamiltonian of a Coulombic few-particle system in magnetic field B, oriented in the z direction is given by:
Here T is the kinetic energy, V ho the harmonic oscillator potential, V N e the attraction of the nucleus and V ee the electron repulsion, with L z and S z are respectively the angular momentum and total spin operators in the z direction, which correspond to conserved quantities in the system.
We also define V mag as the total contribution of the energy due to the magnetic field as:
The variational method is used to calculate the energy of the system. As a trial function we choose a deformed form of the correlated Gaussians (DCG) [2, 3] :
where the nonlinear parameters are different and independent in both the radial and vertical direction. The Hamiltonian does not commute with L 2 but it has common eigenfunctions with L z , with corresponding eigenvalue M. The above form of the DCG belongs to M = 0. To allow for M = 0 states we multiply the basis by
where
Thus the spatial anti-symmetric variational trial function reads as
where M = m 1 + m 2 + ... + m N , and m i are integers. This function is coupled with the spin function χ SM S to form the trial function. The nonlinear parameters are optimized with the stochastic variational method [2, 3] . The Explicitly Correlated Gaussians are very popular in atomic physics and quantum chemistry [2] . The main advantages of ECG bases are: (1) their matrix elements are analytically available for a general N-particle system (2) they are flexible enough to approximate rapidly changing functions (3) the permutation symmetry can be easily imposed and (4) one can make a simple transformation between single particle and relative coordinate systems. The basis parameters can be efficiently chosen by the stochastic variational method [3] . The present basis is restricted to a single center and the calculations are limited to a single nucleus. One can in principle generalize the approach for molecular calculations using multi-center Gaussians [2] , but due care has to be taken in treating the center of mass motion [60] .
B. Threshold energy
In order to determine the stability of the system, one has to calculate the accurate threshold energies. This is done by calculating the energies of the two-electron isolectronic We consider only those states that satisfy conservation of orbital angular momentum and spin, as given in (10), and calculate the threshold energy using (8) . Once the threshold is found the binding energy can be obtained from:
The procedure is analogous for H −− /H − , Li/Li + , and Be + /Be ++ . The states with orbital angular momentum and spin considered in the present work are shown in Table I .
C. Physical quantities
The following physical quantities are used to describe the properties of the system and characterize the quality of the wave function:
The virial ratio, η, is defined as:
Checking how close η is to the ideal value of 1 gives a useful measure of the quality of the wave function [41] . The pair correlation function is defined as
Using C ee (r), the radial part of the correlation function, the powers of interparticle distances are given by
In a similar manner, the correlation function can be also defined for single particles, by taking the distance from the origin instead:
Using this correlation function, the square distances between the nucleus and electrons are defined as
and
Distances between particles in a bound system are small, and the particles are confined into distances of a few atomic units. Loosely bound systems tend to be larger, up to a few tens of atomic units, but still finite. In unbound systems the distances diverge. Another quantity of interest is the quadrupole moment which is defined, as in Ref. [30] :
III. RESULTS AND DISCUSSION
We have calculated the energies of the three-electron isoelectronic series with nuclear charge Z=1-4 for different values of strong magnetic fields for bound states with different angular momentum and spin configurations. N=400 basis functions are used unless otherwise noted.
To test the accuracy of our results we compare our calculation for the energies of low lying states of the Li atom to Ref. [1] , the most accurate results found in the literature. The calculations presented in Ref. [1] are based on Hylleraas-type basis functions and are expected to be very accurate for weak magnetic fields. For higher fields, the Hylleraas description needs many high orbital momentum states and becomes computationally very expensive. Table II shows the present results and the energies predicted by the Hylleraas approach. For low fields the two calculations are in complete agreement. In the free field case it is very hard to compete with the accuracy of the Hylleraas approach. One has to use N=2000 basis functions to reach accuracy up to 6 decimal places. For higher fields the Hylleraas basis seems to be less accurate and our results improve the previous energies at the third decimal. There is one case, the 2 (−2) + state with B=0.009, where our energy is significantly different from that of Ref. [4] . As other energies in this magnetic field region agree perfectly, we suspect that there might be a typo in Ref. [4] . Using our approach we have studied the low lying positive parity states shown in table I. These states can be either ground states or lowest excited states depending on the strength of the magnetic field. The evolution of the ground state as a function of the strength of the magnetic field as predicted by our calculations is shown in Fig. 1 [7, 8, 30, 39] . The calculation of the precise location of the ground to excited states transition points requires very high accuracy for both states, and that is computationally expensive. For the case of Li, the transition has been predicted at B = 2.153 a.u. [30] and B = 2.19816 a.u. [7] . In the case of Be + , the crossover was estimated to take place at around B = 4.501 a.u. in Ref. [36] and B = 4.55328 a.u. [7] .
Our calculation is in good agreement with these predictions (see Fig. 1 ). To illustrate the capability of our approach to predict accurate transition points, we have calculated the energies of the 4 (−3) + state for magnetic field strengths where the transition to the 2 (−1) + state takes place, according to Ref. [7] and have compared it to their predictions for different Z. As Table III shows, the calculated energies using the present method are more negative than those found in Ref. [7] , but the general agreement is good. At the transition points the total energies of the two configurations become equal. However, the structure of the two states can be very different. This is illustrated for He − in Fig.  2 .
In the following, we discuss the bound state properties of the three-electron systems. We have only found bound states for the He, Li + and Be ++ nuclei. For H −− we have considered the cases shown in table I and carefully optimized the basis functions to explore possible bound states. No bound state was found, and it seems highly unlikely that a single positive charge can support a bound three-electron state in a magnetic field. 1.
For Z ≤ 4 only the Li atom and the Be + ion are bound. The threshold energy is defined by the energy of the Li + and Be ++ ions with M = 0, S z = 0 for all values of the magnetic field. The calculated energies are presented in Table IV for Li and in Table V for Be + . The behavior of the energy as a function of the magnetic field is shown in Fig. 3 . The total energy of Li in this configuration has a local minimum, as previously reported in Ref. [30] at B = 0.304 a.u. A similar minimum for Be + is around B = 0.8 a.u., and general behavior of the two curves is rather similar. The binding energies of these states are shown in Fig. 3 . The binding energies first start to increase with the magnetic field, but at a certain maximum point this trend changes leading to a local minima after which the binding increases again.
The minimum values for binding energy are located around B = 2 a.u. for Li and B = 4 a.u. for Be + . The shape of the binding energy curve is determined by the difference between the total energy of the three-electron and the total energy of the two-electron system, therefore these curves have more complicated structure than the three-electron energy curve (see Fig.  3 ). The maximum values of binding energies were found around B = 0.4 a.u. for Li and B = 1.2 a.u. for Be + . It is important to point out that the systems undergo significant structural changes near those regions. In the interval 0.24 a.u. < B < 0.4 a.u. Li becomes more elongated along the z direction and then changes back to being a less prolate shape as seen in Fig. 3 (see also the quadrupole moments for Li and Be + in Table VI ). For the case of Be + a similar expansion is observed in the same figure for Z 2 N e but around the interval 0.8 a.u. < B < 4 a.u.
The energies become positive as B increases because V mag becomes positive, and the kinetic energy gets substantially larger as illustrated in Tables VII and VIII. This is due to the increase of harmonic oscillator contribution, V ho . For small fields the largest contribution to the total energy comes from the electron-nuclear attraction. The kinetic energy, T , however, eventually becomes greater in magnitude than V N e , becoming the dominant term of the Hamiltonian for larger fields.
The
The total energies for He − , Li and Be + are plotted in Fig. 4 and presented in Tables IV,V IX. The corresponding binding energies (see Fig. 4 (Fig. 4) . However, there is no minimum observed for He − ; it's total energy is monotonously increasing. This shows that the minimum in the energy curves of Li and Be + is due to the competition between the attractive nuclear Coulomb potential and the magnetic interaction. In the Li atom and the Be + ion the magnetic field forces the electron closer to the nucleus and that decreases the energy up to a certain B value. In the He − ion the Z=2 charge is not strong enough to produce the same effect.
The He
− in this configuration is not bound without a magnetic field, and according to the present calculation a minimal field strength B = 0.062(6) a.u. is needed for bound He − ion. This is a slight improvement over the previous works [5, 41] . Determining a more accurate value is possible but computationally expensive.
The boundness of the He − ion can be explained by the magnetic ( V mag ) contribution to the energy, which is plotted for He − and Li as a function of B in Fig. 5 . This figure also shows the curves for He and Li + in 1 1 (0) + , which define the threshold energies. As the figure shows, the contribution of the magnetic field, V mag , is negative for the three-electron case, and this supports bound systems. The system is naturally bound for all values of magnetic field for Li (and Be + ) where the nuclear Coulomb contribution is enough to bind the electron even without a magnetic field. For He − , this additional V mag becomes strong enough to make the system bound for larger B values.
The quadrupole moments of the systems in the 2 (−1) + configuration are compared in Fig.  4 
The total energies for this case are presented in Tables IV,V IX and plotted in Fig. 6 . Both Li and Be + are stable in this configuration for all tested B fields. The He − ion is stable in the B = [0, 0.63] a.u. region but it becomes unbound beyond that value [41, 46] .
The threshold energies are the energies of the He atom, the Li + and Be ++ ions in states 2 (0) + or 2 (−1) + , depending on the intensity of the B field. In the case of the He atom, the 2 (0) + configuration has more negative energy for B ≤ 0.02 a.u.. At some point within the interval (0.02, 0.10] the energy of 2 (−1) + becomes more negative than that of 2 (0) + . Therefore it becomes the threshold for larger B fields. For Li + the situation is similar but the interval is (0.16, 0.20], while for Be ++ it is (0.24, 0.40]. From the calculation it can be seen that a higher nuclear charge implies that the threshold changes at a higher B field. Note that, unlike in the previous cases, the 1 
) configuration of Li.
because conservation of angular momentum forbids the transition to that state within the nonrelativistic framework (see Eq. 10). The binding energy for He − , Li and Be + is shown in Fig. 6 . For all three systems a maximum and a minimum can be observed. In case of Li and Be + the binding energy keeps increasing at high fields. Further details can be seen by comparison of the electron-nucleus distance, z 2 N e . The maximum binding energy seems to take place near the point where the elongation in z starts increasing, as shown in the Fig. 6 . This is similar to the cases described in the previous section.
For Li and Be + the minimum binding energy happens to be near the point where z is maximum and the systems become less tightly bound. At the same time, the He − ion becomes unbound as this region is approached.
For low fields He
− , Li and Be + have oblate shapes, although the magnitude of the quadrupole moment of the Li and the Be + is much smaller than that of He − . By increasing the magnetic field the shape of these systems becomes prolate forming needle-like structures in high magnetic field. The energies for this configuration are shown in Fig. 7 and presented in Tables IV,V 
Tables X and XI show the energy contributions for Li and He
− . Note that V N e is always more negative for the 2 (−1) + configuration than for the 4 (−3) + case (see VII and XI). On the other hand V mag is always more negative for the 4 (−3) + case since its fully spin polarized. The electron repulsion tends to be less significant for 4 (−3) + than 2 (−1) + , for all three-electron systems. This shows that having a higher angular momentum allows a reduction of the electron repulsion, while simultaneously decreasing the Coulombic attraction due to the larger distances. For large magnetic fields having larger angular momenta is energetically favored since it allows for the alignment of the magnetic moments with the external field, giving a more negative V mag . This eventually leads to crossover and the 4 (−3)
+ state becomes the ground state. Comparing Tables X and XI one sees that due to the difference in nuclear charge the contribution of V N e is much larger for Li than for He − , which also induces larger kinetic energy for Li. At the same time the magnetic contribution is comparable in the two systems, and the strong magnetic contribution supports the bound state of the He − ion. Fig. 7 shows the quadrupole moment and z 2 for this configuration. The behavior of the quadrupole moment for Li and Be + is similar to the results shown in Ref. [30] . The system has an oblate shape at small magnetic fields and gradually becomes more spherical for high fields. The change in shape is more noticeable for He − , which is also oblate for low fields but becomes prolate at around B=0.5 a.u and then changes back to spherical for high fields.
IV. SUMMARY
The energies and the structures of three-electron systems (He − ,Li, and Be + ) have been calculated using deformed Explicitly Correlated Gaussian basis representation. The basis ) configuration of Li.
functions had different parameters in the z direction and the xy plane following the symmetry of the magnetic Hamiltonian. This flexibility allows better accuracy than other methods using spherical basis states. The basis parameters were optimized by the Stochastic Variational Method which provides an efficient and simple way to reach highly accurate ground state energies. The stability of the system as a function of the nuclear charge and magnetic field was analyzed, pointing out the similarities and the differences in the properties of these systems. The approach presented in this paper can be extended to larger systems and work on 4 and 5 electron systems is underway. 
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